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ABSTRACT
We consider a completely integrable lattice regularization of the sine{Gordon model
with discrete space and continuous time. We derive a determinant representation
for a correlation function which in the continuum limit turns into the correlation





The sine{Gordon model is completely integrable (exactly solvable) both on the classical and









sinu(x; t) = 0 : (1.1)





In the classical case u(x; t) is an function of two variables, x and t are space and time coor-


















Momentum and topological charge are given by
P = −
Z




dx @xu : (1.3)
Here p(x; t) = @tu(x; t) and u(x; t) satisfy Poisson brackets fp(x); u(y)g = (x− y). Equation
(1.1) has a Lax representation and a classical r-matrix [1]{[6]. After quantization, the elds u
and p satisfy canonical commutation relations [u(x); p(y)] = i (x− y). The physical ground
state jΩi of the quantum system can be obtained by lling the Dirac sea of negative energy
pseudoparticles [7].
Let us now consider the quantum operator












where Q(x) measures the topological charge on the interval [0; x]. The aim of this paper is to
represent the correlation function
hΩj exp (Q(x)) jΩi (1.5)
as the determinant of an integral operator (in fact we shall see below, that the coecient  in
(1.5) needs to be renormalized). Note that via dierentiation with respect to  we can obtain
correlation functions of local quantum elds from (1.5). In the quantum case we shall consider
1
0 < γ < . Here γ ! 0 is the quasiclassical region of the sine{Gordon model and at γ = =2
the spectrum of the Hamiltonian is equivalent to free fermions. To deal with the ultraviolet
divergences of the continuum model we shall study a suitably chosen lattice regularization.
The determinant representation then permits to describe the correlation functions in terms
of integrable integro-dierential equations. These equations can be solved by means of a
Riemann-Hilbert problem which in turn permits to obtain elementary formulas for the asymp-
totics of the correlation functions. This program has rst been applied to the nonlinear
Schro¨dinger equation in [8] and is described in detail in the book [9] (see also [10]). There
has been previous work on determining correlation functions in the sine{Gordon model. Form
factors were determined by Smirnov in [11, 12]. At the free fermionic point γ = =2 a determi-
nant representation of the correlation function (1.5) has been constructed using the coordinate
Bethe Ansatz in [13]. A description of a dierent correlator at the free fermionic point through
a Fredholm determinant (derived from a form factor sum) which in turn satises an integrable
dierential (sinh-Gordon) equation has been obtained in [14]. In this paper we start the in-
vestigation of correlation functions in the sine{Gordon model for general γ, in particular away
from the free fermionic point in the framework of its solution [15, 16] within the framework of
the Quantum Inverse Scattering Method.
The plan of this paper is as follows: in section 2 we review the integrable lattice regulariza-
tion of the sine{Gordon model introduced in [16]. The Algebraic Bethe Ansatz is formulated
and the construction of the ground state [17] is discussed. In section 3 we derive the determinant
representation of the correlator (1.5) for the range of coupling constants stated above.
2 Lattice Sine{Gordon
2.1 L-Operator
We shall consider a lattice version of the sine{Gordon model which is also completely integrable.
It will have exactly the same r-matrix (both in the classical and quantum case) as the continuous









m sinh(+ iun=2) eipn=8neipn=8
1CCA (2.1)
2
Here  ist the lattice constant and pn, un are the dynamical variables on site n of the lattice. In
the quantum model they obey canonical commutation relations [un; pm] = inm. Furthermore,
we have introduced
n = (1 + 2S cosun)
1







The symmetries of the L-operator of the LSG model are expressed by the identities (the asterisk
means Hermitian conjugation of the quantum operators)
y L(nj) y = L(nj) ; z L(nj) z = L(nj + i) : (2.3)
Its quantum determinant (see Chapter VII.8 of [9]) is
detqL(nj)  1 + 2S cosh 2 : (2.4)
The L-operator (2.1) satises the Yang-Baxter equation
R(; ) (L(nj) ⊗ L(nj)) = (L(nj) ⊗L(nj))R(; ) : (2.5)
R(; ) in Eq. (2.5) is the standard sine{Gordon R-matrix given by the following expression:
R(; ) =
0BBBBBBB@
f(; ) 0 0 0
0 g(; ) 1 0
0 1 g(; ) 0










In dierent sites of the lattice the matrix elements of L commute. As usual in the Quantum
Inverse Scattering method (QISM) we dene the monodromy matrix by taking products of the
L-operators in matrix space:
T () = L(Lj) L(L − 1j)    L(1j) (2.8)
where L is the number of sites in the lattice which we take to be even. By construction this
operator also satises a Yang Baxter equation
R(; ) (T () ⊗ T ()) = (T ()⊗ T ())R(; ) : (2.9)
3
It might be interesting to point out that the entries fo the L-operator (2.1) form a repre-
sentation of a quantum group: The operators (we suppress the site index n)
S+ =
2
i sin γ m
eip=8  eip=8 ;
S− =
−2
i sin γ m
e−ip=8  e−ip=8 ;
S0 = e−iu=2 ; S1 = eiu=2















S S0 = q1S0 S ; S S1 = q1S1 S
with q = exp(iγ). For q being a root of unity this algebra has nite dimensional cyclic repre-
sentations: for rational values of the parameter γ= = Q=P the quantum operators entering
the L-operator can be written as 2P  2P matrices with elements
 = eiu=2 ! abe
i(a−1)=P ;  = eip=4! a+Q;b ; a; b = 1; : : : ; 2P ; a+ 2P  a :
The denition of the L operator alone does not determine a denite lattice model: In
addition the Hamiltonian of the lattice sine{Gordon model needs to be specied. For this
choice there exist several dierent possibilities (see [15, 16, 18]). All of them are completely
integrable and can in fact be diagonalized simultaneously. Furthermore all of them have the
same continuum limit (1.2). They dier from one another by higher orders in the lattice spacing
. While all of them can be considered equivalently as a lattice regularization of the continuum
model we shall show below, how a unique lattice Hamiltonian can be chosen by requiring that
it has the \same" ground state wave function as the continuum model. This choice of the
Hamiltonian will bring the dynamics of the lattice model as close as possible to that of the
continuum model.
2.2 Algebraic Bethe Ansatz for the lattice sine{Gordon model






As a direct consequence of the Yang-Baxter equation (2.5) for T () the trace of the monodromy
matrix, the so-called transfer matrix
 () = trace T () = A() +D() (2.11)
commutes for dierent values of the spectral parameter , i.e. [ ();  ()] = 0. Hence, it is the
generator of commuting integrals for the system which are diagonalized by the algebraic Bethe
Ansatz. Starting point is the \pseudo vacuum" (or reference state): To construct this simple
eigenstate of  () we combine the L-operators in pairs:























(for rational γ= = Q=P the -function can be replaced by a Kronecker -symbol and j0in will
become normalizable) we nd from (2.12)
γn() j0in = 0
n() j0in = f1 + 2S cosh (2− iγ)g j0in (2.14)
n() j0in = f1 + 2S cosh (2 + iγ)g j0in
Now we can follow the standard steps of the algebraic Bethe Ansatz. As a consequence of





is an eigenstate of the operators A() and D() (and hence the transfer matrix (2.11)) with
eigenvalues a() and d(), respectively:
a() = f1 + 2S cosh (2− iγ)g
L
2 ; d() = f1 + 2S cosh (2 + iγ)g
L
2 : (2.16)






provided that the fjg satisfy the Bethe Ansatz equations 
1 + 2S cosh(2j − iγ)






sinh(j − k + iγ)
sinh(j − k − iγ)
(2.18)




f(; j) + d()
NY
j=1
f(j ; ) (2.19)
where f(; ) has been dened in (2.7).
The number N of the Bethe Ansatz roots j can be identied with the topological charge










The dierence in the coecient compared to (1.3) is related to the fractional charge of the
excitations. In [19] it was shown that the fractional charge appears due to the repulsion









One can prove that (here z is the Pauli matrix in the matrix space)
[Q; T ()] =
1
2
[z; T ()] :
Now we can discuss our choice of the lattice Hamiltonian for the lattice sine{Gordon model.
As mentioned above we want to construct a lattice version resembling the dynamics of the
continuum model as closely as possible. According to the standard quantization of the sine{
Gordon model the ground state of the continuum model contains no bound states (strings).
For possible lattice models we shall concentrate on the two integrable models introduced in
Refs. [15, 16] and [18]. The latter has been constructed by Tarasov, Takhtajan and Faddeev
(TTF) such that it contains interactions of nearest neighbours on the lattice only. The ground
state for this Hamiltonian was found in Ref. [20]: in addition to a Dirac sea of elementary
particles it contains bound states. In the continuum limit the density of the bound states
vanishes, thus reproducing the known results for the continuum model. Apart from the Hamil-
tonian the QISM yields higher integrals of motion. These describe interactions over larger
distances. Adding these interaction terms to the TTF Hamiltonian with coecients vanishing
6
in the continuum limit ! 0 produces dierent lattice Hamiltonians with the same continuum
limit while preserving integrability. This is the origin of the freedom in choice of the lattice
hamiltonian.
Another Hamiltonian for the lattice sine{Gordon model has been introduced in [15, 16]:
The corresponding ground state for this Hamiltonian has been constructed by Bogoliubov [17]:
He was able to prove that in the interval =3  γ  2=3 the ground state is built from
elementary particles only|just as in the continuum model. Furthermore, he found that the set
of observable excitations coincides with the continuum model. Hence, unlike the situation in
the TTF model no phase transition is met in performing the continuum limit. For the reasons
stated above we choose this Hamiltonian for our studies of correlation functions.
It is given in terms of trace identities. Expressing the zeroes d() = 0 and a() = 0 of
(2.16) as









(i  ln b) are the zeroes of the quantum determinant (2.4) of L) the Hamiltonian of









































This is the model studied in [15, 16]. From (2.19) one nds that (2.17) are eigenfunctions of



















sinh(+ − ) sinh(+ − j − iγ)
−
e−iγ
sinh(− − ) sinh(− − − iγ)
−
e−iγ
sinh(+ − ) sinh(+ −  + iγ)
+
eiγ
sinh(− − j) sinh(− −  + iγ)
)
: (2.24)
In the continuum limit  ! 0 (which is reached by letting b ! 0 here) one immediately




m2 sin γ cosh 2
7
for the single particle dispersion of the continuum model.
To nd the solution of (2.18) corresponding to the ground state of the model it is necessary
to classify the possible congurations of j in the complex plane according to the so called
string hypothesis [21]. The details of this are not important in the present context. It was
found by Bogoliubov [17] that the ground state of (2.22) is obtained by lling all permitted
states of pseudoparticles with rapidities j on the line Im = =2. Taking the logarithm of











sinh(j − k + iγ)
sinh(j − k − iγ)
!
: (2.25)




) = −i ln
 
1− 2S cosh(2− iγ)
1− 2S cosh(2+ iγ)
!
:
In the thermodynamic limit the density (j) =
1
L














sinh( + iγ) sinh(− iγ)
=
−2 sin 2γ
cosh 2− cos 2γ
: (2.27)



















Similarly one can compute the excitation energies. This is useful to nd the correct mass
renormalization formula: To perform the continuum limit of the sine{Gordon model one should
let ! 0 and simultaneously m!1 as
m = const. −γ= :
3 Algebraic formulation of correlation functions
For the evaluation of the correlation function (1.5) we shall make extensive use of the similarity
(in the framework of the QISM) of the LSG model with the spin-1
2
XXZ Heisenberg chain which
is derived from a monodromy matrix satisfying a Yang-Baxter equation with the sameR-matrix
8
(2.6) as the present model. The correlation functions corresponding to (1.5) in the XXZ model
have have recently been studied in [22, 23].
First we note, that the symmetry of the L operator (2.3) implies for the ground state
conguration consisting of rapidities ffj = j + i=2g with real j
B(ej)y = C(ej) :
In order to express the correlation function (1.5) in the algebraic framework outlined above we

























; x = n










where ej are solutions of the Bethe Ansatz equations (2.18) for the ground state conguration.
Let us rst study the norm appearing in the denominator of this expression. To evaluate this
expression one should commute the C(fj) to the right of the product where they annihilate the
pseudovacuum j0i. Since the commutation relations between the elements of the monodromy
matrix (2.10) are completely determined by the R-matrix we can use the result of [24, 22] for




























−K(ej − ek) :
The functions K() and a(), d() have been introduced in the previous section. In the
thermodynamic limit this expression can be further simplied: We rewrite N = I  J where
Ijk = jk −
K(j − k)
k








K(ej − en) :
9
Comparing the last expression with Eqs. (2.25) and (2.26) for the ground state density of
particles one obtains j = −2L(j). Performing the thermodynamic limit on the matrix I
one nds that it turns into a Fredholm integral operator bI = 1 + 1
2
cK acting as





Here K() is kernel given in (2.27).






















We now turn to the numerator of (3.2): to reduce the evaluation of the expectation value of
exp(Q1(n)) in a Bethe state (2.17) to the computation of scalar products we divide the lattice
of length L into two sub-chains of length n and L−n and associate a monodromy matrix with
each of them, namely
T () = T (2; )T (1; ) ; T (i; ) =
0B@ Ai() B(i)
Ci() D(i)
1CA ; i = 1; 2 : (3.6)
In terms of L-operators they are given by
T (2; ) = L(L; ) L(L− 1; ) : : : L(n + 1; )
T (1; ) = L(n; ) L(n− 1; ) : : : L(1; ) :
By construction these monodromy matrices satisfy the same Yang-Baxter equation (2.9) as
T (). Similarly, the global reference state (2.15) can be decomposed into a direct product of
pseudo vacua for the subchains j0i2⊗ j0i1 (remember that we have chosen n to be even) which
are eigenstates of Ai() and Di()
Ai()j0ii = ai()j0ii ; Di()j0ii = di()j0ii; (3.7)
where ai() and di() are given by (2.16) with L replaced by n and L−n for i = 1; 2, respectively.
The creation and annihilation operators Bi() and Ci() act according to
Ci()j0ii = 0 ; h0jBi() = 0: (3.8)
10




































where the sum is over all partitions
feBIBg [ feBIIBg = feg; feBIBg \ feBIIBg = ; ; feCICg [ feCIICg = feg; feCICg \ feCIICg = ;
of the set feg with cardfeIBg = cardfeICg = n1, cardfeIICg = cardfeIIBg = N − n1. Due to
(3.8) we only need to consider partitions such that the sizes of IB and IC (and IIB and IIC) are
the same. We next turn to an investigation of the scalar products occurring in (3.9). Owing to
(3.7) and (3.8) and the fact that the monodromy matrices T (i; ) fulll the same Yang-Baxter








Here we do not assume that the sets of spectral parameters fBg and fCg are the same, and
we also do not impose the Bethe equations (2.18). From (2.9) and the action on the reference
















where the sum is over all partitions of fCg[fBg into two sets fAg and fDg. The coecients
KN are functions of the j and are completely determined by the intertwining relation (2.9).
The R-matrix (2.6) is however identical to the one for the spin−1
2
Heisenberg XXZ model
(after appropriate identications of the coupling constants). This implies that the coecients
KN for the sine{Gordon model and the XXZ chain are identical, so that we can take over the
result for the XXZ case (see e.g. [22]). The main point is that the KN ’s can be represented
as determinants. This is done in two steps: rst the so-called highest coecients, which are







































= t(Cj ; 
B





; t(; ) =
− sin2 γ
sinh(− − iγ) sinh(− )
:


































Using (3.11) and (3.12) in (3.10) we obtain the following expression for general scalar products














































1 ; : : : ; 
C
Ng, PB is the permu-








1 ; : : : ; 
B
Ng, sgn(P ) is the sign of the permutation











Following the steps rst carried out in [25] it is now possible to represent SN as a single
determinant. The discussion for sine{Gordon is identical to the only for the XXZ chain [22]
so that we only present a brief discussion of the necessary steps and give the nal result. We
rst note that the sum on the r.h.s. in (3.13) looks very similar to a Laplace decomposition













k ) (see e.g. [9] p. 221). However this does not reproduce the h(; )-factors.
This leads to the introduction of a dual quantum eld ’() acting in a bosonic Fock space with
vacua j0) and (~0j1 according to
’() = p() + q(); [’(); ’()] = 0 ; (~0jq() = 0 = p()j0) ;
[p(); q()] = − ln(h(; )h(; )) ; [p(); p()] = 0 = [q(); q()] : (3.15)
1We use the same notation as in [22].
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We emphasize that the eld ’ commutes for dierent values of spectral parameters. Using the
























































where r() = a()
d()
. The price we pay for representing SN as a single determinant is the
occurrence of the expectation value in the dual space.
Using (3.16) in (3.9) and then applying the dual eld trick several times it is possible to
represent (3.9) as a single determinant of the sum of four matrices. This analysis is completely






















 + ’4(ek)− ’3(ej)
"





















2 and the commuting dual elds ’a are dened
according to
’a() = pa() + qa() ; (~0jqa() = 0 = pa()j0) ; (~0j0) = 1 ; a = 1 : : : 4 ;
[qb(); pa()] =
0BBBBBB@
1 0 1 0
0 1 0 1
0 1 1 1
1 0 1 1
1CCCCCCA ln(h(; )) +
0BBBBBB@
1 0 0 1
0 1 1 0
1 0 1 1
0 1 1 1
1CCCCCCA ln(h(; )); (3.18)
where a; b = 1 : : : 4. Here all terms not proportional to jk in Gjk are understood in the sense of
l’Hospital for the diagonal elements. In the thermodynamic limit further simplications take
place. Following the analysis for the norms above we express G as the product of two matrices
13
J and W
G = −(sin γ)WJ ; Jjk = jkk ; Wjk = jk −
1
k
V(ej; ek) ; (3.19)
where j = −2L(j) and




+exp (+ ’4()− ’3())
"
















dV (; )f() ; (3.21)
where the integral kernel is obtained from (3.20) as (the arguments of the dual elds are shifted
by i=2 which does not alter the dening commutation relations (3.18))





















1− 2S cosh(2 + iγ)
1− 2S cosh(2− iγ)
n
2
e’2() ; e1() =

1− 2S cosh(2− iγ)
















where 1 + 1
2
bV and 1 + 1
2
cK are integral operators acting according to (3.21) and (3.4) with
kernels dened in (2.27) and (3.22).
4 Summary and Conclusion
In this paper we have derived a determinant representation (3.23) for a correlation function
of an integrable lattice regularization of the sine{Gordon model. In the continuum limit we
recover the correlation function (1.5) of local quantum elds in the sine{Gordon model. In a
forthcoming publication we show how to embed the determinant (3.23) in a system of integrable
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